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ABSTRACT

This repo rt describes the development of a method for numerically computing the
inviscid transonic flow field over an airfoil with a leading—edge slat or a trailing—edge flap.
the  approach is to solve the full inviscid Irrotational flow equations about two—element air—

roil systems. The methodology consists of the devetopment of a suitable computational

~)lane and grid system th rough the application of a series of confo rmal mappings. The
appropriate set of equations and boundary conditions are derived in terms of a smoothly
;arying, single—valued reduced potential function through analytic removal of all singularities
in the computational domain. A stable and accurate relaxation procedure Is established for
the numerical solution of the governing equations. The method is applied to a variety of
transonic supercritical two—element airfoil configurations . Results are presented depicting

ic surface pressure distri bution , streamline patterns in the physical and computational do—

~ia ins , and 1~Iach number contours.
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1. I N I I I ( ) t ) t i ) 1 u s

In ordei for an aircraft  to maneuve r v i l c - I ’ ~~- ! - k ans inn. ~ i i i - i  l :In. I -

must  genera te  high l i i i  co e l l iu i c ’nt  s o i t ho ~ i l l e u l l i n y  L -.~
- -~~si . &‘ t I i : u ~ i i  hub l t - L b I L  . i t re—

cc iii. development of super -critical wings can eni i l  i i c a l tC ~~ t __ lu I i  (‘i t liii -~ - i l  i c i l t I O u

lt o~ ( i ver , this requirement will  of ten de~ r I n k  the - t~~i t - : u  I t S  ici’l r i  r : I u i c t  at - I l l i s i n g  sj  ~
-

with large r’ than optimal  drag coot ti c~ cu ts  . The i m j u l e m e n t a t i o n  ul h igh  u n  de~ ice s i t t  I liii —

sonic speed s offers  the possibility of gi ’e at lv enh ancin g t h e  n ianeuvc ring c l L j ) l i l  O h  t i l: ii 1110 ( 1—

el-n airc raft  wi thout  com promising their  cruising eff ic iency.  This possibility has l ) t i n

proven icr the last few eai’s by the installation of ~Iats on the F—4 and the positive test oh

slatted wing on the F— 14 ad i - c r af t .  The perfoi’n iance of the~ 
. ai rcraft in managing d u o  Us

and t u r n s  at transonic speeds was remarkably improved by the pre si nce of t h e  slats , even

t h ough the ~u - configurations have not been shown to be optimal ft any means.

Ihe ae ru ) dly n an i lc  desi gner currently lacks an analytical tool to  desi gn , or eve- n analvLe ,

i- ansoni e  airfoils with high lift devices. Fu i-the i-mo me , the paucity of exile ci menta l  data cc r—

rently makes it difficult to d etermine what can be achieved with these maneuver ing de\ i ces .

Also , the experimental  gathering of data on such configurations woul d be t remendously  ex-

pensive in lig ht of the number of configurations that would need to be tested and the high

speeds and He nolci s numb ers  required in a wind tunne k  test .  A theore t ica l  tool for th e ana l—

vsis of the t m a t u ~unic  flow over  a two—element  airfoil  sv st e ’i i  would be a f i r s t  valuable step in

a id ing  the ( i e - ~i g l1er  in iii S task I IV c l i i i  in ~ clown oti the numbe r  of c’ onhig -n r a t i o n s  to lie t e s t e d

and ~ ro~ a I i r i ~ I us i glil  in to the flow phenomena that are p resen t  at hig h ~~ eeC ] s

Ih i s report descr ibes  the d evelopment of a i i icthod fo r  n u m e r i c a l l y  c u i l l f l u u l i n g  the invi s—

old t r a n s u t u r  flow over an ai rfoil w i th  a l c ’ a d ’ g — c d ge slat u i  a t i -n ih it --edge f lap.  In general ,

t hese flow helds am e d i f f i cu l t  to obtain an a lvhic - u l l v  b ecause  ub the complicated U l - o n l e t  cv of

the m u l t i p l y  rui i ~iee) ed c lonta in .  ~‘ina l l d is turbance ap]l1’ ,x i t l l a l i u ) u s  b -ou ch as l h l ise u~~e i I  l o t -

th i s  p rob lem in H ef .  1) d o  not appeal’ to he adequate s in c e  the l u t e  m ac l ion  of the [low l c m  t e n

the ad m t o i l~ ~v il1 p rovide l I l t - ge per turl iat ions  to the  [I nc field .

In r ecent \ c ar s  the application of mix ed—flo w relaxation l e r h i i i q i i e s , i ntroduced I \ M u m —

ma n and C 1 0  lI t  ‘I . 2) , has cu l u l e  p ( i s s i l ) ir ’  the numer i c a l  con iputa t i on  S lb inviscid t r an s n it:  

~~~~~~~~~~~~~~~~ _ ,__ __ _~~ _ ,~~~~~~~~~.± - - - -- - --~~~~~~~~~~~ —~~~~~~~~~ 
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flows over a variety of geometrical shapes in both two and three dimensions. These methods

are generally based on the assumption of irrotational flow and solve either the full potential

equation or an appropriate form of the small disturbance equation. For two~~limensional

flows in particular , accurate and efficient solutions to the frill potential equation have been

obtai ned for transonic flows over airfoil sections (Ref s. 3, 4), ove r axisymmetric bodies (Re fs .

5, 6), and over nacelles (Ref s. 7 , i’).

in thi s report these relaxation techniques are applied to determine the flow about an air-

foil with a slat or a flap at transonic speeds. The approach is to solve the full inviscid , ir—

rotational flow equations about two—element airfoil systems. The methodology consists of

the 1) development of a suitable computational plane and grid system , 2) evaluation of an ap-

propriate set of governing inviscid equations atici boundary conditions in te rm s of smoothly

vary ing , single—valued functions in the computational domain , and 3) establishment of a stable

and accurate numerical procedure for  the solution of the governing equations.

An abbreviated version of this analysis was presented at an international Symposium

(Ref. 9) and this report is designed to provide the details of the method. Arlinger (Ref. 10)

has recently developed independently a s imi lar  inviscid analysis of this problem .

The nieth xl will  provide solid groundwork !ui the development of a computational tool

that includes viscous corrections , and one that  actually designs two—element airfoil systems:

a numerical computa tion that generates airfoil ordinates when a desired pressure distribu-

tion is specified over part or the whole of the configu ration.

2



2 . M A p I ’ l N c U -~

A crucial step in t h e  development ob a b i u t i t e  h i b t ~’ t t - i u -c i u ’ ’ h t ~ l a t  ( “ i l t I p U l ( ’  I1 , e , s ‘ L I

complicated geontet  dies is to develop a su i ta l k - ~r i i  ~~y s t t ’ . - it i -  hi- ,hi l ~ t i c - si ,  : i I , le  I )  1 .-c e

the geometric contour s  aligned -1 \ t t h  a. m u > t u ! l l l : u l t ’  h u t ’ in ~ u~ l t t  to  0 .  10 i u l l - r p o l l t I :  u —  o i l

trapolations in app lying the su r l ac e  h i l ) u l i l h a l \ I 0 ! l u h l b l - l i i 5 .  It is  l I mo  c’ - l i u \ t - l L l e l I t  I i  i - y  1 0,1

flow problems to map the i t i  m i t t , u h  — u - I l l  domain  to a ti nt It- d u l  1 1 0 1 1 1 1  c m i  Oct  lii u t - l i l t -  1)1

apply accurate ly  the f a r — f i e l d  i l ) l i l l u l l l t \  euiu I1 t1 a t s .  1 u t i h e t  1 re-, thti’ - app ings  s l t j iJ I - u t —

centrate grid lines in t e g ion s  Ii stee p [1cm g i ’ I t ( h l c - i l t . — sut ’ h I t s  l t l I ’ b u i l  l u : t u i t i ~~ anil u t  I I I L

edges and in  the slut  for -med l u ’ t ~ u ’e u  t i l e  n aun  an -to i l  ‘tid t im  s l a t  or h ap .

In Our approach , we use a 1 1 ’  i -  and i u u t i  t il c l i i  d l n b ) i  nal u I U ~ ;~ u 1ng  i l l. I 1)1 is  to

form the infinite domain e \ t c ’ t  1111 to t i l e  t W u l — e h d I u t I l t  11 11101 1 S \ s t e l i  ~ - )  l i i -  a u u i ~l , l a r  1101011  be-

tween two concentric c i r cu la r ’  r itga-~. The outer  ring ( i t  i’ es~ u s h u l a  to t i c  11 1( 111 u I  I 1 , 1 1 all t b  a’ e

and the inner ring to the aeeon ( iarv  airfoil su mta ce ( f l a p  or 51111 I . 1 1 1 1 1  l i t v  10 ‘ It - 1ih~ si c a l

ii lane is mapped to a single point with the i ’i t- c - u i i i r  a n n u l u s  in the  co~l p U I a t i  oIL i 01111 11) . I h e

mapping method follows f ront  t h e  w i  mk of i ces  l ie t  . 11) and r tti  h i z e s  a se j I l L -  i~ t i  live e —

formal t ransformatiot i s , th ree analytic  anti  two  ncintei’ ica i  . We I u m l e ! I \  sutr ini ~t n e  below the

d etails of the m apping as they have been used in our approach.

Th e f i r s t  ste1t (‘Oil sis ts  ob mapping the mau i In 1 ) 1 1  I I  a t i e - l i t  Cli d c  U s in g  a v - n  k a r l :  i o f l —

‘I re fftz t ransformat ion , as i l lustrated in I- ’igs . I It and l I t . h U n  i t  i i i n  the l) hys ic ’a I  p l a i t :  as

Z = -t iv 1, the fi t a t  mapped plane Z 2 lee h u e ’ —

— i-~ —_z 1~’~~ -

z~ + s Z~ — Z y  1 II

w h e r e  Z 1T is the 111( 0110 1 u I  the t i - a i l ing  edge , ZIN  is  located inside t i t e  a i t b u i l  at a point m i d —

w~iv l l ( 1 \’. , ( I )  t h e  nose and its ( t i 0 c m  ol ( - u m ’ l l t u l l . 2 — T 1 / w i t h  ~ I l e i tu . the  i n c I t t u l t I l

I i - a i l i n g  ( ‘dm an g le  i f  the  111011) 1 0 1 1 1 ) 1 1  1111( 1 ~ — ( ~ - T 
— I .

~
) /2 i .

fty ~(‘l o i t l i  st i l l  I — ’ a I l i t - l u  l u l l  - i - —I I I  I I I I k  t I ’ I i I t S t ’ O i i i l u t l  I l l  u l h i Z I u l I _ l a s t  F o u r m ( - t —  I i— an ~~—

I u ) i ’ t l l  s to 0 I I ]  I the i t t  l i l t  I i  I I 1 I i t  ii ci ic’  Ic h ’ -, l l c  ( i n ’  he . I he t o  - \1 1 1 1 1 1 1  t~ a t  I P 1~lfl( ’ - /.

i h l r m s t m t l u c ’ u t  iii I i . I u

/ — 1 .  t -~~~u \~ 11 ) / i
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where Z 2~ is the location of the centroid of the near circular image of the m a,in airfoil in the

Z 2 plane at-rd A 1 and B1 are constants which are determined iteratively as discussed in Ref. 11.

The thi rd step of the n-rapping is an analytic transformation of the secondar airfoil to a

near circle , which keeps the image of the mai n airfoil  a circle (but of different  radius) .  ‘I iI ’

t ransformation to the Z 1 plane is wri t ten as

(Z 4 — ZIT) (Z4 Z 4T ) 
— [~ Z~ — Z3T ) (Z ~ — Z~T)11

~~ I
(Z i — Z 1N ) (Z -i  — Z 4N ) 

— L(z~ — Z II N) (Z 1 — ~~ N)i

where

Z I T =

~ JN = 1/Z 3N

Z4T = r 3/Z 4T

ZIN =

= 2 — T 2/ 7T

and r3 is the rad ius of the circle corresponclitig to ti-re mt -r ai n ai i’foil in the Z 1 p l~t~ c amId ‘
~
‘
~~ i

the included trailing edge angle of the seconciary ai r foil. In a manne r similar 1)  ti-re Z 1 — Z~
m apping, ti-re singular points Z3T and Z~5 are placed at the trailing edge and m i u t w a v  i e t v , e e i l

the nose and its center of curvature as il lust  ratedi in Fig. 1(1. Ihe  Utth no\Vn t ’Oi ISt a I I t  s in E 1.

(3) are ZI T, Z .IN and r~. Our procedure for ti-re evaluation of these c u n a l  ou t :- d i f 1 e u - ~ I m u  m

Ives (Ref. 11) and is d etailed in the appendix.

‘I’he fourth step of the mapping consi s t s  of using a bi l inear  [r an - ! u l i u l a t i  ot ~° 1) 10Cc the

new circular image of the seeottdarv airfoil at the center of m - iiai n ii ml 01 ( ‘ 1 1 1 ’  I c - I t s  h u t s !  0 i i !

in i” iug. le. The map~)i ng’ takes ti t i -  boi ’ i i t

~~~~~~~~~~~~ I i )
- Z 4 + (

where ti-re procedcire for cont~)uting t h e  c n ) n s t a I u  1 - ’ A , B, and C is found in U~ b . 1 1.

The fifth t ransf ornta t i on of the two c lued-li t t i c  Sh 11 I i ’s  t ) t w o  (‘ 1 i u u L l  I l i l O s  t 
~
- pi - i b o t ’ i u i i ’ t l

through a second application of a ‘ 1’Iie o dutt -uo ’~u— Cai ’ r iek : i i a p j u i i u g  i f  t he 1 ) 1 1 1 1

-‘ I
Z5 Z u ~~p il ) 1 H 

~~ 
(—  ( ‘

~ 
- i l) ~~( u ’ , Z )  ( c , W , ) t i - ~ Z )i ~.

As shown in l”ig. if , t aking 1, — re~~, the i t t a i t i  al mb i i  i h - a  t ’~~I c l _ l u  t m to the (‘1 mt-h - i-  — 1, ut-

secondary air foi l  l im s interior l i t  i’ 15 and the point ob i t i l i i m i t v  is at n i’. , I ’  I. .

- - - - - - - - -

~
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A further set of transformations X = X (O)  and Y = Y (r) is used to obtain the final com-

putational domain. It is convenient to have the point of infinity r = r~ located at a fixed grid

point in the computational domain, since boundary values must be applied there. Hence, we

take Y (r~) = 1/2 and define a parabolic transformation by

r — r 5 = ( A 1 Y + A 2) Y (6)

wi-re re

A 1 = 2(1 — 2r,, + r8)

A 2 = 4r — 3r3 — 1

The main airfoil is located at Y = 1, the secondary airfoil at Y = 0, and the point at infi nity

is at Y = 1/2.

In the azimuthal direction we introduce a mapping X X ( O) in order to give son e con-

trol on the concentration of grid lines and to locate the trailing edges at grid points in the

computational space . This latter requirement will allow an accurate imposition of the Kutta

condition at the trailing edges. The n-rapping consists of two steps; first to produce desired

mesh spacings

O = E s i n ~~~+ F s in 2 ç 5 + G  (7)

where the constants E, F , G are arbitrary, subjected to the constraints

E < 4 / 3  F <  1/6

The final step of locating each trailing edge and the point of infini~~ at grid lines is obtained

through

2~ (0) — 
~Io]  X + B1 sin 2~ X + B2 (cos 2~ X — 1) (8)

where

F B — — ~F (
~~ — Xi) sin 1rX2 ~~ — x~) sin irX j

— 

2 Lsiti rX 1 sinir(Xi — sin ~x2 sin i~(X2 — x i)

B — — 
1. [ (~ — x1) cos 7TX2 

- 
(~~2 — x2) cos 11X2

2 — 

2 [sin irX 1 sin 7r (Xl — X~ sin irXi sin 7r (X2 — x1)

and t ’,i  = 21r (OT t )  dttu ] ,  ~~~i 
= 21r E6 (0T2 )  — i t O ] , dt 0  = ç’i ( O )  and 0T1 and 8T2 are the trailing

edge locations of the mai n and secondary airfoils, respectively . T I-re values X1 and X2 cor-

respond to fixed mesh points for ti-re trailing edges and X ~i correspond s to the location in

the 0 plane (0 = 0) of the point of infinity .

~

- - -

~

-

~

-- --
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The final computational domain is ske tched in Fi g. -~~. in tiii~ I)lutflC a uiul onit ~ J i ( l  pro—

duces the mesh distribution in ti-r e annular dot-rudn shown in Fig ~i and in the physje i 1 (11)1)  iOl f l

shown in Figs. 4 atidl 5 for typical flap and slat  configurat ions.  The m a p p i n g  p i ’ ( u t l U ( ( S

grid where each airfoil surface is a coordinate limi e , t h e  t ra i l ing  edges ~ i -  ii l i i  i - - c  sh ~
and with a high density of grid lines in tire slot region itid near all s t l t g m r l l t i o n  

~~
- u l I u t ~ . A l —

though the mapping procedure is quite comp licated , our computei f l l ’ t ) ’ ,i an u t u  t - a l c u l a l e -  the

coefficients of all the terms gcnci ’aliv requires less than lu s e ( - O m u i f s  on an l l d \ i ~7 F

SECONDARY AIRFOIL

LE 2 TE 21 r~~’~ :ii~i~~ :::: :: ~~~~~~~~~~~~
Y l ’) - - 4 [ - - -  - -

~~~

- - -  

- 

as .. . ••  • • •  • •  • _ • _ _•  • _ ~~~~~_ • • 
r ,

—4 - - -  - -

::::= 1I111

EiE E i EEEEEEJE ~EE ~~~~~~~~~~0 0 LE 1 TE 1
X I uu l

M A I N  A I R F O I L

Fi g. 2 Computational Domain
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3. \ IA T IIE \IA TICAL FOI U’1[ LA FION

The governin g equations for the inv iscid , ir r o t u l t i OI l I t I  , co mpre ss ible  fIu ~ :lI)Oilt a t ’A o —

clem ent airfoil system are \ vr i t t  en in the  aimct lar domutin / ,; = re~ usin g the metric II u! t I i-

conformal mappings, Eqs. (1 ) — l ~
) , in t1 -r Ills of a potet ti: tl function ~ , as

- u - -  hi~ - - - 1
— 

~ )
~~rr — -t (ut u 2)~~~u (it t ( ( u

- (~t 2 - U ’)~~~~~r ~ 
(v~ ‘ t l~~~v II r ~~ii~) o

and

I = (1 — cm~ — v~) ( j I l i

where

1
V —

1
It —

rI 1
-T

uI/

and M,,~ is the t’i-ee st rca In r~Iach ac imb er  m d  ~ the C u l t  10 i t t  s II’ j fk ’ t e n t s .  The i~ u t i l l u  lamv ~- i i t —

( I i t i O f l  on the so 11 ui -c of the ajj’toils is

= on r : - 
~~~~ :tnd t ’ 1 (11

At the u t i r to i l  t r a i l  i m i g  edges - s h a l  the l I m i t  cli-  11 goes t in ze ro , the  N ut t a  cu n d i t i i t t i  t h u t t  mc —

qcl ir es  ther e  be 10 I h t u vt  around the t r a i l i n g c - u  iges - n i : i y  u c exp i~~~ s e ih  I t - S

t l u , (I ui t bvth tra il ing eu l g i ’ s  . ( U t

S i n g i m l u l m i t i t ’s iti the 111)011 b ot ’nitthu ~tiufl l I l y  st ’eI)  to u m l ’ m s e  bu m sI ’vcJ ’ Il  m e : u s i u f l s .  I”irst, l i i i

i u i c t r i c  of the mapping becomes unl tounI bed at m ini! \ (m - - r~~. - it can t i e  shown t h a t

nell  0- j a b  j ut  L t \

II !, -as  / - — 1- i j  ~~ I
u j /  (7 , , —

1k

:mn d K is um l~iht\1 1 ( ‘ ( u l u l t t I m - \  u - t u i i s t : I u l [  wh i c h i - I l l )  I~ ’ I : u I i n l i t  be I\ k 1 e ~~. rho ’ metr ic ’  ma Y the n

he reg ulu t  i’t / i’d

- - - 
-‘
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~~~~~~~~~~~~~
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i i = ~~~~1 f l  ( 14 1

where

I — i,
= 12 = r’~ — 2r ~ r ( ( 1 5  0 t~~ e u O

and II is a smooth bounded function which goes to imnity i t  / —

Next , the potential fcmnction i tself  beco u u c s  U n i )U it n d cl I am i d n i u l t i v a l u e d  nea r the point of

infinity in ti-re computational domain . One c on t r ih i i i t iun  U u t i t i -  s i n g u l a r  potential conies 1 l’v- u u I

the behavio r of the uniform flow nea t’ i n f i n i t y ,  11 h u h  c-an be ~ hu l\ 1 to be of the form , for

— r,~

4 1 ( r . 9) = Rea1 ’~7 
‘c 

~~= —j i [ i- eos (O -~~~ — L ) — r c o s ~~ — k ) ]  ( m I

where ~ is ti -re angle of attack of ti -re free s tream ~-e 1ocity \ -e( ’ tor .  - 

-

A second contribution to ti -re sing iulu t i - potential  comes f ron t  th~ m~ u 1t ival im ed n um tu i - e  c u t  the

circulatory flow near infinity in t I c  a n n u l a r  d o n i u t in  - 1m t a k i n g  a closed c i r c u i t  about 7

the potential must  ju mp by 2 t i t i t e s  th c’ c i r cu la t ion  about cuin ’h a i r f o i l .  -l he ~u i  I I I  in a I i t he

circulatory flow potenti al valid near  tn t in i ty  is found as a solution to the Pi’ uuui d t l — U l a c m e i t

equations (see Ref. 12) and l is t r ans borm ed i  to ti -r e com np ut u t t i o t - r  domain as

— (F 1 - F 9 )  t u tn t [~
‘ I — ~~ tan ( 1 7 1

where

- r sin 9
k- — — tan  

( )  
(1~~u

- 1’ ( 0 5  0 i-~

anti  F 1 and F2 u i - c eq cm al to 2 ~ t i u  ic -s t i l l -  c i r c ’u l u t t i o l i  u u I  I st:I nt ~ abo ut t h e  ma in z t m d sceomidui i’v

a i r fo i l s , r e spect ive l y .

To obtain a s ingl c— v a l i m e d  reduced pu t e t - r t i u t l  - another  t e i’m 4 3 111 1 st  be added l i i  4 so t i - ra t

an\- close(l contours about ln (h iv i ( lua l  a i r fo i l s  wi l l  i)i’od tmee  t i - re  r e q u i r e  I c i r cu la t ion  j u m p .

I h  is  is obtained th i-oug h a i c i  u

= — F
2

0 ( 19)

A reduced potent il l  1 fun c- t  ion ( ( r ,  81 cmiv now l u m  - u - I i l i  c u l  ~vli ich m enu: u hit s houn ded a m d

s i i i g l e— v :t  Inca I thr ocig  hout  thc ’ emit i re  Il t i f l i ml u l  r t i o t n u i i f l  as

i b r , 8) = 4 — 4t ~ — t l u  — ( 2 1 1 1

1 -



l i i i ’  u4 t J V c - i ’ r,ing e qu - I t  k i t  l’or the t u u i u c e d  p ot er i t i uil  is the n obtained by i t i t l m n u I u t hmg I- 
~~~ -

l i - I l — I l l ) )  into E q. (9 , whein- n

(II — \ - - ) t ~~~ —~~~~~ 1’~~cr& — ~~(G5 — F 9) ]  ( I l l

-- (a — u2 ) L(~~~ ;~~ 
~~) - (cm~ - \~ ) I~ ~~ il r - - L U

and

L~~ ~~~~~~~~~~~~ [f t  t ’~~ C(J S O) ( ~~ — F-- t -~ r r ~ sm OG r]

- 2 (r  — v )  i’ — r~ cit S 9
~~~r ~~ sin O (c; 

— r n)] 
( 111

— (r 1 - F ) ~~~ ~2~ iI — v )ll’ — r c’os 9)r sim i 0 - 2 i u \ (1 — 1l’~ ~ in 0)

— L: [ : i b (r ~ \ - sin 8 - r~tm i-os 9 —  ( i1’ ) ]ç

W here

~ I — ~I -

1 — i\I ,~ s1I t - ~3

— ~L ~ L i l  I n

1 — ~~ siml~ ( I - i )

andi f and p U1’ u ’  defined in E qs. ( 1 5 )  :1011 (1~- ) . m c p ’Yt iv - l \ .  I n c  r u u ! i n I l  l i i i c i i ’c( i t i i l e t e i t t i : I

(-c-inc it V mu l t i  pot -rents , v and cm he c -oivu c

= fL~ — (F 1 F )1 - : 1 i - ~ s in  9 
~~~~~ 

l 2~~~l

u - - 
~~~~~~~~~~~~~~~~~~~ 

— I ) — (F 1 - F ) I  1 (r (‘c s 0 — i (  ci 1

where

I 
[~

‘ c-o s(C a — i- - ) — 2r i’~~ m u s ( c  — 1&~) 1~~ u i u S ( S — 
~~, k )]

~-~-t [r s imt ( O c — I: ~) — 2 r u - ~ m u t ( a  — L)  — i-
~~ sin  (0 - kU ) ]  1~~ I

l’hc botm u t u i l u l \  t ’o i i ihi t i ot i  of thc : m u u i s h i n g  c i  ulo I m lIlIl V el ( a - i I \  l i t  thc- — 1 0-i a- i - t i  f t~- , l U t m u i l i - i .

l - q .  ( 1 1)  I i m  ~ c ) I l I e 5

= ~~
- 

~(F 1 F~) E 1r , sin 8 — v 1] u t  i’ i’~~ amid m 1 (29 1

Fiie l \U t t I l  l Oll l i t  j o l t .  Eq.  ( I I I  f t c - c t t l ) ) ( - u -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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F1E 1(r~ L OS 0 —  r) - l-; 1 r~ ( - c u s  — r)] L~~ - u 1 (3W

at each trailing edge. This g ives to two linear c’xpi’ ess i o n —  lot ’ 1~ amid F2 which c ui m i  he soi l ed

:it each step in ti-re i terat ive n immeric a l  so lu t i on .

Ati add itional boundary condition mus t  he en forcet I  a t  the Point me p meu-i c i l t i n g  infinity . The

em tirc solimtion tliei- e is given by the sum of ti-r e icc - si me ant  i n t l  ( ‘ i m ’ C I I I : l t oi’V f l o w — . No l u  l u  i i —

tiom ial veloci t i es  must be gem -rerate t i  by i-edim ce il  potent ia l  ( 
- Ssu - in e f f e c t .  G m ust  be a con-

stant at imi finitv and , therefore , a constant it ur l i  u I i ’ c u t ’ t i m - u a s  Ut C i’ , 9 U . ioi c ( u n v t ’ —

nienee this constant is chosen as zero .

Solutiom is to ti -re bout dary -alu c problem compris ing Eqs ( I t o , (Ii ( — (3 1)) , ca n I t -  ob tu irn ed

by iteration and ti -re numn eri c ’a l  scheme will be descr ibed in the following section . A start-

ing point for ti -re iteration process is provided by Legallv s solut ion (Ref .  13) O u r  ti -re im i co ml i —

p ressi le flow OF-er two circular  c-~- 1inders , which in t e r m s  ub the Fe dia’ eII  oot ent  O i l  G(r . 0)

may be writ te~ as

G(r , 9) = Real
)- 

~

j

~~~~~~~t 
~~~~~~~~~~~~~~~~~ 

(
~~~~~~~ r s:i

(31 )
I — 

7- u 
~~~

‘1 1 — -
~~

—- r 3
/ 1]

r - -  , V -  - -I (~I — “a r-’ 1 —

— i(Fj F2) H h i u g ( 1  — r ,~/ , ) - l o g — -  -.-—~ ---~-_ - -_~---_ -
~

[ 

J~~
’ (I — 3-

=
-
/~ f’ i)  (\1 — m
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‘I. N L ~m l l - , R IY ;\ 1 i ’OlL\ i I ’ i.It ’l l (  d\

The Neumann bottndarv v a l u e  problem formulated ~ti t i l l -  p rca~’e m lu ig  ~in-c’l i lu l l=  m s solved

mium eri e:il l  using the ideas and techn iques u lc - v c lop cu l  b r  u : t i x c a l  subso nic - and srIp e’ i ’~~c u I l 1 c

t’lo ws about a single ai rfoil .  Ti-re i-educed potenti a l (~‘ q u l u t ~loll , Eq .  (21) , is solved h a s u t e —

ceSSive column—relaxat ion al go rith urm it t i l r -  in~ ~vpe — uic ’p emi d 1en t  d lif ferene in g o I ’ i g l n : I t t d  In-

Murman and Cole (Ref .  2 ) .  ll ow c-vc-i’ , the sequor l i ’c ’s  01 mapp ings produces a comp ut :t t  I o U : I l

plane im which til e coord inate lines are tiot a l igoc -u l  with the stream l-r wise d iu ’ t - m t i o n .  J a n ic s t i n  s

technique (Ref .  14) for  de -v e iopi m g  a coordinate imwu iri :il l t  or “i’o t :m te d ” d i f I  c’l’ i’fli ’ L- sc’ l t e a u e

proveS valuable imi ti -re ncm at eric - un f in  m u  u la t ion of this proble I t

The solution of ti -re flow field is obtained by rep lat -mg t i-re p ote t -r t ia l  (‘11 I I I I I O U  with :1 f i n i t e —

difference analog- at e :t ch poin t i i  the grid . The resul t ing  set ol’ di f f e r e n c e  e q u : i t m e : I s  i~s

solved by iteration , a process which  can he reg arded I S  a s e q u e nce  of s l ip s  in an a it riO ~a 1

t ime coordinate f r a m e .  During each iteration t h e  1 1 1 u i l l t I I I g  of art i tu i t i :u i  potenti I field 15 :0- —

com plished simultaneousl y at a n um h e r  of points  mimi  ti -re su it e  column t \  = c - o n — L I n t 1  a n t i

sweeping, colcmnln by c’olumu )tl , through the c-omputatiot ull g i i l  . It is imper:ut i~ t In t l  the  l ine

field he swept in a direct ion which is no I l c u l U -  tha n LII I m o l t  tile St m c-alnv li—i’ (ill’cu: t IoU lit OI ~~

t ier to retain ti -re proper i l o u n u m  itt ol i l i p c ’ t n  (Cnc ’e c-Ic -  i’VWlic I’ m .  A s _ -he m e II u i - I l  ha i i l l  u \

suitable in this problem has l)ectl to (ill -id e the I loll l i i i- i l l  twin iv t i l e  t o o t ,  I [ m u  C r i l ig  i~ 5~~ 
—

ing through ti -r e infinity point (r m • m u m  V ~~) . 1- u ic ’ h  h iu i l  I u 1 t I l l -  t t i t , l  I b i c - lu  I t ’U li  t h e n  I~c’ cm i—

sidered to sct i’i ’Ocmli di a s in g l e  clCIIl u-ll t and ts ~wi’p l t i ’ c u f l i  the I c - : u i m u u g  n - i  Igc ’ t i u  t h e  l U l i  Iu l ~L c u

of ti -re airboil along one s u r f a c e,  and thte ti m i m i n g  t O t -  othe r  u m s  i 1 iu ~~t r : m t c ’ d  in igu— . I and 3. ,\

c-oiuntn ol p o in t s  ext c-nmling fi’om ti-re ~~I l l ’ i : u u c- I _ u the t i j d m h h c -  ( ‘ m u u  l u  Iiii ,u tt - I ’ i u m - ,,~ li— t 1 nu~ i m p f u J i - u I  at

c ’u m c - h  p 1155. Al t i m e  emid of c - :uuTh  5 W L l ’ I I  t in ’ k (Itt:u condition :it e:mc-h : u m i ’ i m t i l  U - i i l u u g  cdge is en —

t m t i ’ i a - u b  l i v  su l ’ing  O u t ’  the  m ’ i m c ’ u l u u t i o u ’m v a l t m e s .  
~~~1 u tt id 12 ,  w i i irh  s : u l u s i i  thc- d u l t u ’i’ t ’ ncc ’ c ’ q H U —

tions i -oi ’ m ’ t - s p m m n t h i n g  t o  Ld ! . (30 ) .

I k i m  m c ’ l - q  . (21 ) caIn in’ useu I Our nullic’ i’ii ;l I s i t n u l : t t  h u u i  it ~ l U u i l 1  u m c  r e — w m ’ i t t  en i l l  I in ru ns

of the woo-k ing c- oord i n : u tc -  N and V. ~~iti ’e 8 - 9 t \)  and r m ( Y )  i l t i  I n t l in l - t i - S .  t ( t I — ) ~~ l -

( iN
- 

‘ j j ( r ~ \

17  
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= = V’C y

Grr = 4 V ”G y

-
x’~

Similar expressions can be writtem -r for fi r am-rc i fib ; l-~q. (2w then can be put in the form

A 1~~~x A~Gxy A~(i y y  - - ~~~~ - A : (;~ A u 0 (3 1)

where

-u 2 2 IX
A 1 = ( a  — u ~~-’~~”

fX’V’
A9 = — 2uv 

-

= (a2 -— ) ‘ \/ ‘

- — ,  - ‘ ‘ /

Ai = 2uv [~~~— _ 2 ( r  — r~~c’os 0) ~~— ] c ( a 2 — lu 2)~~~~~~~~ 2~u2 — v~)i’~ sin 8 ’~~

A 1 = — 4uvr~ sin 0 y’ ~a
2 — v2

~fY” - (a2 — ~i2)~~~ - 2~u 2 — -
~~) ( i  — r~ co-S 9) y I

(u2 - ~~2) 
~mH x~~~ 

- - F
9[~~~~ 

sin 8 
(u~ 

— v :-) — 2c~t,-(~-~ — i)1
- 2l ’~ [r sin Oft — r~ C05 91(112 — v ’) ‘ u v ( f  — 21-7  s in~ 0)]

- E 1E 2{Eu ( r ~ cos 8 — r ) - vr~ sin ~ ]
2 — a 2 f}

l-’tnite ’—differem -rc ’e analogs of ti -re potential eqcmation I re ’  c-on~~t r u n - t i - I f o l l o w i n g  the  mules

developed for the sing lc - a i r foi l  p rob lem.  At eac h i - el  point f i u - ~ t —o r t -1er der it .’ative~ Ir e  l I p —

‘it prox imated by c ’ e i t t r u t l  d i fferences Imsi n g ti -re v a lues  of the potent ia l  f rom the I ) r e v j u ) m s  s we e p .

‘l’hus

(~ ) _
~~~~~~~~_ ( ( O  _ ç O— 

2~~N k ‘ 1 + 1 ,1 ‘ 1- 1 ,1

~ la-re i and j a cm’ t i -r e im in l i c es  itt the N and V d i m ~’ u - t  [( Ii  - (‘ c’~ I ic-m l i~-c lv ,  : t n m l  the su~ c i  ~ci’ip t

den otes ‘‘u l(i ’’ ( : 1 1 1 1 1 ’ s . -\ s i l t  i ll I  i~ e X l ) m c ’ s i ~i0tl c’a ti he w m ’ i ( t  cli O u r  ( . .-\ s a resul t , ve l oci ties

i re  fi ’u,c ’n at vu l imes of the potenti a l ba sed oil t h e  in ’ c ’vi odms swc’c p. ~uc ’c oml — o ril ei ’  - I u - m i ’ u m t i v e

te r ms u m m ’ c w r i t t e n  t u m l c i t i g  im to u u c c - o c u n t  their d o m i i u m i n  n u t  u l t ’ I ) e I I ( l c ’ n d a ’ . \ t  -s u m t u s u ; u i i c ’ I ) ( i u 3 I ~~ c c - I l —

t rui l  u I~f l  c - f l - l i m e s  arc uipp r opt’i atc.  ‘l’he l u i L  ‘~-t \ a u  1 1 1 1  -i-  of th e  i)Otem t i:ml a cc’ cmsed wi th  the cur’—

t eti t column ( j i  h c - i I i - _l rc - laxe d . ‘l i n u s . if one dc-ao l  ~s t h e  i h i b  Ic  I c - I l -c  I mm ’ t vm- c’ n the new :111 1 old 

-- -- ~~~~~~~ -- ~~- - - - - -- ---~~~~~~~ -- -



va lues 0 6G 1. the n tuie s econd— ur ic ’!’ a c - c ’um:r tc - d ifference formulas arc writ ten u ts

(ixx = 
~~~T’ ~~~~ — ~~~~~ ~ G 1 1 , 1 — oc~, 1)

= 
~ y : (C?, 1÷1 — 2 ( ;~,~ ~~~~ - 6U 1 ,1 , 1 — 2nG~,, -

- 1 
~~~~ ~~~~~~ ~~~

(‘ C— 

4~~X~~V ~~~~~~ ‘~ ~~
i
~ I ~1, i — I  1- ’ , 1÷1 ‘i —m , j —~

where w is the relaxation factor.

At supersonic points the proper t iomain of ciepetid emice extends up st r eul mn . Fc t i l cu ~c ing

Jameson , Ref.  14, ti -re second derivative terms are broken up imito their st i’ c:u u u l w i s c ’  and

normal components as

(j~ C55 - = A i Gxx ‘\ u -U xy A G ~~ (33)

and

(3~~ = 131G,0~ ~ “
:-t xY

~‘NN = 
~~1~~’X X  t : t ’ X Y  (‘ 1 vv

wi-me re

I I 1 X ’ -
i i i 

-
~~~
-

I I ,  — 2u~’b

‘u - —I t  \- I i ’

- - N ”I ——

1’

X’ Y ,
= — 2tm vf

1’ I I  I V ’ -

Time c i n - r ’ i v : i t i ~’c’s m a k i ng  up t i me n o r m i i u m i  m - o m p t t n t ’ n t  - 1 NS’ nrc ’ I p t u i u u ~~ i l M i t m - u l  liv t h e’ u m - u i t r : i l

difference formulas given ab ove- with the t ’ e i u L X : i t i t t I i  f u t c ’ t t  - m  taken as i n i l t - . l 1) \ V i f l d i  d h i f f m ’ I ’ e f l C i l i L u

is used in both the X and V cii m ’ (-c tit uri s to e V : 1 l l I  i t t -  t i l t  se’v -mal parts u - f  ( ~ , t I n  s i t - i - : i t l t \ \  I S

component . ‘I’hus . for  examp le , if u ‘ I I  an t I  ~
‘ ‘ I I  t i a -  c i u n t r i  h lm t lm t f lS  \vi II I n  -

~~~~: - (C? , 1 _ ( , t , j - -  ~~~~~ - 2~ u C 1)

Il l

~~liii ,_ , — - -  L~~~~~ ’~ E _ _  ,



(G~~ 2G~,j ., + ~~~~ 2óG~ — 26G~~1)

G~y = 
2~~~~ Y ~~~~ — G1~1,1 G~,1..1 - G~ 11 1 1  26G~ — 6G 1..1)

Similar expressions can be written for cases where u anti v take on different signs. It should

be noted that Jameson ’s rules for balancing “old” and “new” values to provide the right art i-

ficial viscosity have been followed .

In order to satisfy ti-re boundary condition at each of the airfoil surfaces a clumn’t y row of

points is created beyond each surface. The requirement that there be no flow through ti -re

surface at each of the surface grid po ints (j = i~) 
can then be met hr requiring ti at ti-re

change in potential at the dummy point equal the change at ti -re f i rst  point off the stmrfacc ,

that is , ôG 1~~1 = 6G~~~~ _ 1. By this device 
~~r at each surface w ill rem ain zero . At the mid—rin g

boundary, which has been set tip to divide the various sweep regions, the values of ti-re po-

tential from the previous pass are kept; essentially this is a Dirichiet—type boundary condi—

tion .

By applying these finite—differenc e relations simcilt ane ousiy at all  grid points on

column extending from either airfoil surface to the mid—ring, a system of lit-rear al geb raic ’

equations for the corrections , 6G 1 is obtained . This system can be represented by

[P~ ]~ou~] = [1{~]

It can be easily checked that the matrix ~p11] is tr idi agona l and , the r efo re , can be in-

verted easily.  Sequentially, column by colum -rm n , a l l  points in ti -re I’ie lcl s a re  updated , except

for the point representing infinity which is kept at its initial va lue .

At the end of each sweep new val imes of the circulation can be comp ctte ci by app lying Eq.

(30) at each trailing edge and solving the two resulting equations fot- 1~ amid r2 . But ti -mis ex-

pression , which can be rewritten concisely as 4~ = 0 . was foc mn d to he ti -re 500cc- c’ of e rior s

in son-ic cases. flecause of the complicated geometr i e s being dc-:mi t  w i t h  in t i-m is problem ,

large circumferent ial  gradients of the potential cou ld  appear  at  one ob ’ ti -re tr au lim ig cil ge

i” or example , there could be II shock or an expansion b al m.  01’ 1)0th , s-cry mi ca r the t i ’a i i im i g

edge of a slat . l -o r these cases we fin d the StI lb i l  i t \ ’  to lie enh a mmc cnl  in - d ln d e r re l u l x u t t iom i  of the

(‘I’. I n a t i o n  of the circulat ion c-onst a nt s

2 1) 



The differencing proc ’ecicm t’e described above is of :m nonc onservat ive  form.  Al thou g h th is

method produces inaccurate shock “jump ” conciitions (R efs . 15. 16) general ly  better u m g i ’ c’e-—

meat with experimental data is obtained . This is l iicc ’ i y fo r tu i tous .  A c’ompietel y s~u t i s i u m i ’ —

tory solution would be obtained onl y with a fully conservative t reatment  of the inviscic ] e qu ul —

— tions together with a proper modelin g of the viscous effects  and of ti -re shock w u l v e - h o u m n I l : t i ’~

layer interaction process in particular.

To increase ciiag-onal dominance in ti -r e tri ci ia go mmal ma t r i x , additional a r t i f i c ’ i uml  ~
‘ rsc ’os itv

can be added in ti -r e form of a term ~ ~~~~~~~ where  t is ti -re t i m e — l i k e  coord inate (Ref .  14) . \\ ith

the basic t ime—like step being ti-r e iteration cycle th is additional term can be represented Lu

~~t / 1 u  - v -EG~t =:
~~~ \~~~~~~~

(J &t  - 
~~~-~r t )

For v - 0 this can be put in the fo rm

‘‘iT ’ ~ \ V ’  I
= € [u cv ~~~ — [rv ~ - ] o c ; 1 — [u (u 1 1 1  —

This term is added to the f in i te—dif ference  u im ialog of Eq.  (21 )  As discus sm ’ u f  in Re ! . 14 ,

should i)e only large enoug h to enscmr e c-onvci’ gc -n c- c- . In pr act ice , € h - ru ts  ic-cu t u I- , c- n to he z e r o

in most eases.

Finally, in order to improve the c ’om put at iunn i  c - f f i c ie im cv , ti -re ca l c’cm la t io ns  a t m ’  Ic-i ’ —

formed on a seqimence of two grids. The in i t i a l  ( n -o n i - se ’) g m ’ i  I is co mn putc e i  st : m t m u i g  witi -r an

initial representation of the reduced potential ( (X , ‘ i ’  L t i \  c i t  by 1-~ci . (3 1) . The S t u l  i t  t I l e  ( - O t t —

ciiti ons for ti -re second (fit -re ) grid is obtainc(i Lu um linea i’ in terpo i a t i om i  ob th e c’OnVcl3 1 c’u I ‘ i n t l  l’~~e

grid so l tmti on.

• I i  

__ _
~~~~~~~~~~~~~ _,~~~~~~, : ‘ - -
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The n-method has beem m app lieei to a v: i m - R- ty  of two—clement  aR-foil configurations. Figures

6, 7, ~ show the computed flow f ie ld  about a N- \C .-\ 230 12 ai rfoil with a 2—Fl flap at M = 0.5

and an angle of attack of ~ . ‘[h e calculation was performed dising a series of two grids witim

the final  one being 60 (in ti -me c i rcumferent ia l  direction) by 30 (in ti -me radial direction) . The

computed pressure distribc mtj ons on ti -re n -rain c lement  and flap are shown in Fig. 6, and time

computed streamline patterns in the physical and annular  domain are shown in Figs. 7 and h ,

In-rbedded regions of supersoni c flow can he sci-rì on the latte r graphs . In Fig. 6 , tIme large ,

“tic” mark on the C~ axis denotes sonic pressure and the sharp nose shock computed is evi-

dent .

In this calculation the cl-ranges in the reduced potential were converged to 3 - 10~ on ti -re

final grid in approximatel y five minutes on an IBM 37)) / 1h-s compu te r . Son-re p r e l i n i n a r v

studies have indicated that the application of the c-igenvalue extrapolation method , as dis-

cussed in Ref . ~~~, coumid substantially improve com verg enee .

The solution for the flow over a Clark  V airfoil  with a 30 M axwell slat wi th  a gap height

of 10 at M~ = 0. 6 is show n in Fig . 9. The supersonic regions in this case are considerabl y

larger . on the slat the ent ire  uppe r surface flow is supersonic . Thi s results in a large lift

being carri ed by the slat wi th  a s igni f icant  a mo u n t  of “cc-ar ” loading. The streamline and

sonic line patterns in the ph ysical and annu la r  do 11 1 11 ns act - shown in F igs . I U and 11

A st i l l  lam - g e - c  supersonic region occ nu m’s in ti - m e- n e x t  e x a m p le which s h m u \ \  s .t  s latted con—

figu cation tb-mat is obtained f rom a modified N — \C. \  I ,-\ i  m m  sec t ion pr’ m> fi Ii- at ~n I I I , 7 and

in = 6° . Fhc computed p m~e -ssuu r - e -  eh i s t r i b u t i c n anti s t r e - a t u n l i m i e  C u n t i u i l  m s arc s l a u ~vn in F Igs .

12 and 13. 1- yen th ot mgh the l i m e  s t- mit  g r id  i~~ not as m O - n s t  t.~ t ! l u u ~~ u i se l im F i t  sin g h - — e le ’nient

computations , the shock is c h u a r l \  t ie -f imie- ci , It sh un i  Id I s -  a - b u t  i l l  mind t I l l! t o  f l  u ’,~ t in  t h e

lt~~ve ’r surfac e of the- slat cou ld S ( 1 u m m ’ :L t t  u u  t hat S l u m - ‘f t h i i  l i f t  S i t  in a l a -m g  c ti ’r i cd Ii ~ the’

slat could he lost . A calculation for  the’ \1~ I I . , - I f 1o~ - ‘ \ m  t - i  S I - u t t i  m l  c u - : t f i g : u u ’ : m t i u  - i t

based on a modif ied N A C -\  m ; l , \ m u l u n  i i m’ f  u~~i is i u m ’ e ~ t 11111  bI ’l I” Ic ’. I I . A b i t  of t I n  Mach num-

ber contours i l lus t ra t ing  the large ’ re gions u u f  -
~ t ’ sormj c  f l u  -in i,s g i v e n  in I-’ ig .  1 ~~ .

‘ i ’)
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- - - ANNULAR DOMAIN

Fig. 7 Computed Streamlines — Annular Domain NACA 23012 A irfo i l/2H Flap . M = 0.5, a = 4~

The choice of sweep directions causes no difficulties for cases where a supersonic re-

gion should span the entire gap between the two elements. This situation occur’s for ti -me

slatted NACA 0012 airfoil at M = 0.6 and in = 4° as seen in Fig. 16. h ere Mach number

contours are plotted with the sonic line being marked more Imeavi ly. The corresponding

pressures are shown in Fig. 17. The supersonic region spanning ti -re gap is swept in the

streamline direction along both surfaces so that the proper don -rain of dependence is main-

tained .

A final example provides some measure (if the performance of time metimod . Figure 18

depicts the computed pressures and experimenta l data for- the geometry shown. Ti-re geome—

2-1
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/

- M ’ l

> 1

PHYSICAL PLANE

Fi g. 8 Computed Streamlines — Physical Plane NACA 23012 Air f o il /2H Flap, M~ = 05 . ii = 4

try used in ti -re computation is ti-re 0 4 A 4 ) ) Lu airfoil  with 7. s A slat configui’ation te’~ t e d , COt’

rected througim the additi on of a no m in al disp lac em ent  timickness . The’ overall  ag re em en t  is

not very good and this implies that time boundary laye r correction applicci tin the ordinates wi t s

insufficient. Ti -me- excellent agreement am -m c i ti -re - lower surface suggests ti -rat discrepancies on

the t ipper surface of ti -me main airfoil am-r d on ti -re- slat at- u- clue to the- t rai l ing—edge sc’parat ion

on the n-r ai n foil and separation on ti-re lower surface  of time slat . The’ disagreement between

time numerical  solution and the- dat a on thu upper surface m u f  the-  main element consists mainly

of an upward s h i f t . I)esp i te ’ the ’ s h i f t  all the ’ f - : t t t mres  m u f  tb -me f l c mw Lm’ e - l ireel iCU ’c i by the compum t a—

th in  including ti-re double peal-t occu r -ring near  ti me tim u s ( -  u f the main  foi l . The- agreement  wou ld

u ndoubtedly be improve d by properly accotmntim ig fom - visCous e ffe cts. ,-\s s h m u u’ m i in Fig. 19 ,

t u e  sonic region not on ly  spans the ent i re  gap but a lso touches  the t r a i l ing  ed ge of the  slat .

With the par t icular ’ di fferc -n cit -m g sche me i t s in d  in t i me app licat ion of the Kutta cm - t au t mm as tI -a-

method had no d i f f i c u l t y  comput in g  the r’t ipul ( - x i z i n s  ion around ti -re ’ t r a i l ing  edge of t Ime a i m !
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1~Fi g. 13 Computed Streamlines — Physical Domain Modified NACA 64A008 Airfo i l /Slat , M = 0.7 , ci = 6
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0 . CONCLC :- ;R Ns

A numerical method has been developed to calculate ti -re inviscid transonic flow ov er ’  at ’ -

bitrary two—clement airfoil sys tems. Conformal mapping procedures ~‘ere utilized t o de-

velop a convenient compemtatio mmal domain wim e r ’( - bou n dary  conditions u m i time airfoil surfaces

and at infinity could be accuratel y prescribed and wi th  appropri at e  spatial grid de f in i t i on  to

account for steep flow gradients . Time exact ir l’ m t tmi iona l  flow equmations we-re de r ived  iim terms

of a smoothly varying s ingle—valued reduced potential in the comp umtati urm al domain . A stable .

accurate and efficient finite—difference procc -dui- e was developed using mixed—flow relaxation

techniques . The numerical method was applied to a va r i e ty  of airfoils witim leading—edge

slats and trailing—edge flaps over a range of f ree—stream Mach ncmmb ers and ang les of at—

tack.

Our ’ com puted results immdicate ti -me ability of the nmet imod to compute invisc id  tram son ic

flows over two—element airfoil config cm i’ations . One aspect of t lmis effort whic lm requires f u r —

timer study is ti -re inmprovem ent of the computatiommal cff ic iem mcy .  We- have p r e l i m - r i r n u r  co rn —

putations with ti-re eigenva lume extrapolation proced imr -e of Ref. ~, which indicate a possible

40 reduction of iteration cycles . Tlmis technique wi l l  be implemetmte cl in ti-re near futui ’ c- .

Another area of fur ther  stemdy is ti-re ver i.f icatiom m of ti -m e accumra cv of oum r method by cm u r n —

parison with expe rimental data. i-{owevc- t- . it is evident that tran sonic two—e lemen t n i i ’ f i u ij

flows t i re  strong ly influenced by viscous effects.  Timus , -xc arc in ti -re process of inclu ding

boundat- y laye r effects in oumr computational techn i qu e- . ~i)ecial e nmph as i s  wi l l  be- given to in-

cluding strong viscous interaction effects at t i -ail ing ed ges , shock ~-avc-s , a m d  in  regions i t

separated flow .

We also intend to reforniulate the pr oblcn -r in the design (inverse )  mode , whereby tIme

J) 1e5SU1’e distr ibution will be prescribed over all o m - par ts  of the - a i r fo i l  surfaces  amid the or—

clinates will evolve as part of the solution i)t” mccelu ta . ‘l e c lmn i ques developed f u r  s i n g l e - — u - h - —

ment design . sui cim as Ref. 17 . wi ll he- ut i l iz c ci .

3 41
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APPENDIX
Evaluation of the Z Z 1 Mapping Coefficients

We discuss in detail the mapping fronm time Z 3 to the Z~ plane as given in Eq. (3). In om’ —

der to determine the coefficients of this mapping we consider ti -me following pre l iminary  n-rap-

ping

g = f t ’ <  (A . in)

(- _‘ c) (u —

1 (A . ib)
— d)(~ —

/ 1
- ____  ____I — 

:1 (A . lc)
(z — b ) (L  — r)

where  c and ci are the unknown coefficients .

On the unit circle z~ = 1, f may be written as

~~~~~ 
2~~

so ti-rat the unit circle in time z plane mm -maps to a slit in ti - me f p lane ’ at an ang le arg (h/~i) w i t h

end points at f1 at-rd f2 wimere reaches its extre me va lim es. Then through the map-

ping (A . la) we get anot imer slit stretching from (f~~ 
H to ( f ) t ~~. N m u w  the mappilmg (A. ib)

maps a unit circle in the plane (~~ = i) to a slit between g1 and g - . Thus , if we- choose c

and d so ti-mat

gm

g~ = 
(.-\ . 2)

then the unit circle in the z plane ~‘i11 be mapped to a. u n i t  ci r ck- in t O -  plane. To make

the slits collimmear rec~uir es

arg
(~~) 
! i t ’~~(:’) (‘~~~~~~~~

‘Fh en C and ci m u mst  be chosen so ti -rat g~ and g - hav e  the mag nitude appropriate to Eq. (A. 2) .

To determine gm and g2 take- ~ = 1/b , d i/d ammd evali m ate

I ~~ = 
I 

+ 
1 

— 
1 

— 
I 

- = 
c—d 7’ —~m 

= (A . 4)
g di’- t — c i — c — d — (I t~ — C 1  ~‘~( l~ — ( ‘ 1  ( ‘ —ii )

S

_ _



The ends of ti -re slit ar- c the I u i ’~t nc 1 points g~ am el g \vIme ’ m’ e- vammishes . Thus , at a branch

point ~ satisfies

0 — 
~‘)(- — d) t m  c) (i  d)(ã

A~
1 — B  4 C tA .5a)

where

A - (c + — (d (,-\ .S b)

P 2(c~ — dcl ) (A. Sc)

= c~ (d -
~ — dci (c -i- (A. sd)

Themi if am-rd l~ arc- the roots of the b r ammch i m i n t s , g 1 and g .  arc given by

= -

~~~~~~~~ 
j~~~1, 2 (A. (i)

The expressions for ’ the branch ~)umI flt S f 1, f2 may be i-va lu aU-el in an analagous rn ammner . Now

from conelitiomm (A. i t t )

g1 g- - =(f 1 f~ ) i / H  (A . 7)

Util izing Eqs. (A . 5)  we- ob~ tin m ~~2 
— amid ~: 4- 2 = and with Eq. (A. 0) we can develop

( after S u f l u l  t edious algeb r a) that
- r ~ ) - - - -

~~~~~ (~~~
) = k  d - - ~) ci 

(A .~~)

and atm antu l ta t u - m i s  e xp i - u — 4 5 1 u  I i  t u t ’  f 1 t - ‘ . Thu s , F 1. IA .  7) requires that

c — C  i a — S \ ’
— i —---------—=-- I ( , - \ 9)

ci d \h  — i i  /

u\ u the I it’ , cn ’ lm i~ i t  u - - - : i  - I i - fl 1 .  t . \ . ii i a t m v  be i - & - ~ -: i’itte-n as

t2 -  — ‘ — 
~~~~ ~~ — m l  — m~)

m u  — — - - - —- —- — — — — — — —-- r-- ( ,-\ I l l )
0 — y l ( -  ~‘ - )  0 ~— d m ( -  .—..- i )

and the  b r tunc’ l i  a i . i t  u t ~m v I a  in i~- i ~ i A , i m )  I C c - c u  - m u - s

Lr ~_L_ — (A . 11)
- d - m m  — ._,

i l u m \ \  (-vet ’ 
~~~ 

lo  S on t I i (  m i t i t  ~‘i m - e’ h , and - I ’  t i - - c - tu - L i i  t i r e  p lane -  SC that ti me ’ ai—g (~ ~
)

t i l es cli v m i t S i  i’t’d v : t l i i c . I’hus . if \~ _ i S S l t ~ a , t  m i m i e  I - - , i - con dit ion

U~ 
(,-\ . 12)

gives m i m e  r e l : m t i u Shi l)  f m ’ C , i i . C . d n t d  I -
~~~
. \ . 9 1  a ~~i’m u n d : m a i l  si nce- ~ and d are  d e—

termin ed 1 m m  ‘ i  i’ t a i l  ( I ‘ H i i ; t ~ u - I 1~~- t 1  m 1 - ~ t - ) I -  I ,’ ~tmd d.



These equations may be developed in a convenient fornm by noting that

- 
(z~ — a~(z j 

— 
a) 

- 

- 

z 1 — 
a 2 

(A 13)1 — 

(,z j — b)(z 1 — h) 
— 

Z 1 —

while according to (A . 9) we define a quantity E as

— c — ë  ( a _ i i \1~~~~~ ( : a I 2 _ 1 \ b ? 1~~ \ 14E = d — ~i) — hi 
- 

b i  —

Thus
1 2  ~~~ - 2 _

f l /IC z 1 a - ) I  
~~~~~ F— 

z 1 — b

= (~E (A . 15~
The two equations for c and d are obtained from Eqs . (A . 9) arid (A. 10) utilizing Eqs. (A . 14)

and (A. 15) as

c — = E ~c i — (A . 16)

1 / i _ \
c + ~~~~r D + - -E(d +~~~)C ci

where D - 2~i( l  — aE) and 
~ 

imas an assigned value on the unit circle. Combining the above

t \vi i equations we’ obtain

2 c = D + ~~E(d +~~~)÷ E( d _
~~~) 

(A . l ” )

~~ = D + R E ( ~d + ~~ ) _ E ( d _ 4 )  (.-\ . 19)

We C iii r i s m u note that by definition

/ 1\ / i\arg t,~c + = arg I~,c — ‘
~)  = arg(c)

arg (d + arg (d — = arg(d)

w I l t - r I - b y  Eqs. ( . -\ . 16) and IA . 17) yield

ar g(c) arg(Ecl ) arg(D) (A . 20)

faking the comp lex coniugatc muf E q. (A. 1 ‘-) and mult iplying by Eq. (A. 19) and simp li fy ing

t Fme c -x i i r c - ss  iOU is i -am ~ E q. (A . 2 1 1 )  give ’s th e- f o l l o w ing

( I D  i - - R I  i- I ~el 
~ 

— ‘ l -  ci — - -l

l e t t i ng r 1- - d -
~ we O i ) t t i i l

( 1 1) 1 -- i~m ’) — m - l I P  I~ I I.\ . 22 )
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whi ch nra) eas i l y  be - solv€ ’ci Since ’ I) and F ir e kim -~vn . Then

1 r
I d -I 

d l

wher eb y

I d  ~~~~~E I
+
~~~~~~~~~2 _ 1  A . 23)

where the i’oot larger ’ than 1 has been choscm-m . Also f rom Eq. (A. 20)

arg(d) arg ( l )/ E )  (A . 24)

and thus 1- qs. ~A. 23) and (A. 2-1) detc - r ’mimme d ammd c may tim e-mm be found from Eq. (A. 16).

‘UIi ~- mmmapping C u m C-f t I (’l CfltS found completely determine the mapping given by Eqs. (A. 1).

This mapping differ ’s f rom tin: one developed by lvcs (Ref . 11) am -m c i given in Eq. (3 ) by a scale

tram m sfor mat ion . If n - c- d e f in e -
1~ 1 - 1~~~~~~ 

7

i c + —  — d — --
c d

La + -i’ — I) —a 1)

Then Em 1s . (A.  1) are identical to Eq . (3) with

Z 1 ~/ S

Z IT = c/S

Z IN = cl/S

an ci
“ i’ m  ~

, -  _ i

Z -~N ~z 1)

k

Thus ~ C I i ; r v t -  r ’ctl i icc ’d t l i i  ( i t  IL - l ’ m l l i f l at iV im of t i e  m apping coeff ic i ents  m m f Eq. (3) to time - s o l i t t i i m n

i f  two m t - cl qu itt i~ t t i C  e i j u t i t i m  i - m s .  1m m I P t .  i i .  t ic - ~ mappi n g coc ff ic  c O t s  i- c- fm - m i m m d  u s ing  a

C ( u n t p i i ( ’ m t (  u~ t h t e c ’ d i n l e t l s i u  f i l t h  N e w ’ t O f l _ R a i ) i ) ( t m u i )  l l c ’ r t m t i m i i i  pr’ u ) u iTh -’.

— - ‘~~~~~~ - - -- 
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